Introduction
By a generalized spectral space we understand a topological space X ful lling the following properties: (S0) X is T 0 , i.e., for each pair of distinct points of X, at least one has an open neighborhood not containing the other, (S1) The set I D(X) of quasi-compact open subsets of X is a lattice under union and intersection, and constitutes a basis for the topology of X, and (S2) The space X is sober, i.e., if a nonempty closed subset F is not the closure of a singleton fxg, then there are closed sets F 1 , F 2 such that F = F 1 F 2 and F 1 6 = F, F 2 6 = F.
Quasi-compact generalized spectral spaces are known in the literature as spectral spaces.
A generalized spectral space is called completely normal if whenever points x and y are in the closure of a singleton fzg, then either x is in the closure of fyg or y is in the closure of fxg.
Let G be a lattice-ordered abelian group, or`-group for short. It is well known (see, for instance, 2, Chapitre 10]), that the set Spec(G) of prime Research supported by a CNRS (France)/CONICET (Argentina) joint research project.
y Daniel Gluschankof tragically died in a mountain accident at the French Pyrenees on February 13, 1998. `-ideals of G equipped with the topology having as a basis the setŝ g = fP 2 Spec(G) j g 6 2 Pg; for g 2 G is a completely normal generalized spectral space. This space is quasicompact if and only if G has a strong order unit.
Moreover one has 2, Proposition 10.1.3]:
(IL) The lattice of`-ideals of an`-group G is isomorphic to the lattice of open subsets of Spec(G).
In this paper we prove (Theorem 2.2) that for each`-group G, Spec(G) satis es a topological condition that we call (Id!). Moreover, we show that each nondenumerable set admits a structure of a completely normal spectral space not satisfying property (Id!). In other words, we show that from each nondenumerable cardinal we can obtain an example of a completely normal spectral space that is not homeomorphic to Spec(G) for any`-group G. In this way we simplify a previous construction of Delzell and Madden 7] .
We also show (Theorem 3.3) that a stronger form of property (Id!), called (Id), su ces to ensure that a completely normal generalized spectral space is homeomorphic to Spec(G) for some`-group G. Our proof is based on the properties of the Priestley power of a totally ordered group on a completely normal generalized spectral space.
These Priestley powers were introduced in 9] as a common generalization of Boolean 3, Chapter IV, x5] and Hahn 5] powers of totally ordered groups. Our proof of Theorem 3.3 shows that each completely normal generalized spectral space X satisfying the (Id) property is homeomorphic to the spectrum of the Priestley power of any nontrivial totally ordered archimedean group over X. On the other hand, in x5 we construct an`-group G such that Spec(G) does not satisfy property (Id).
In x4 we give a new proof of the well known characterization of those posets that are induced by Spec(G) for some`-group G.
In the de nition of Priestley powers an important role is played by the patch topology over a generalized spectral space. For the convenience of the reader, the relations between the spectral and the patch topologies needed in this paper are given in some detail in x1.
We wish to express our deep gratitude to the Referee for her/his many suggestions to improve the readability of this paper.
1 Generalized spectral spaces Let X be a generalized spectral space. The sets of the form U n V , for U, V in I D(X) form a basis for a Hausdor topology on X, called the patch topology on X (see 11, 14] ). Whenever we refer to topological properties such as open, quasi-compact, etc., if we do not specify which topology on X we mean, then we shall mean the original (so-called spectral) topology, and not the patch topology (unless these topologies happen to be the same).
The next lemma is in the folklore of the theory of spectral spaces. For lack of a precise reference, we give a proof of it. subset of X such that the collection C fFg has the nite intersection property, then F \ T C 6 = ;.
Proof: Suppose (i) holds true and let U be a quasi-compact open subset of X. The intersections of U with the quasi-compact open and with the closed subsets of X form a subbasis for the closed sets of U as a subspace of X with the patch topology. Therefore the patch-compactness of U will follow if every collection C of closed subsets and quasi-compact open subsets of X such that U 2 C and C is maximal with respect to having the niteintersection property, has a nonempty intersection (cf. 11, Theorem 1]). Let C be such a collection, and let C 0 denote the subcollection of C formed by the elements that are closed in X. Note that C 0 6 = ;, because X 2 C 0 . Let F 0 = T C 0 . For each quasi-compact open V 2 C, fU \ V \ F j F 2 C 0 g is a collection of closed subsets of the quasi-compact space U \ V with the nite intersection property. Therefore U \V \F 0 6 = ; for each quasi-compact open V 2 C. In particular, F 0 6 = ;, and the maximality of C implies that F 0 cannot be the union of two proper closed subsets. Hence, by (i), there is a z 2 X such that F 0 = fzg, and it is easy to check that z 2 T C. This shows that (i) implies (ii). To prove that (ii) implies (iii), suppose that (ii) holds, and let C be a collection of quasi-compact open subsets of X and F be a closed subset of X such that the collection C fFg has the nite intersection property. We may assume C 6 = ;. Take U 0 2 C. Then C 0 := fU 0 \ F \ U j U 2 Cg is a collection of patch-closed subsets of the patchcompact U 0 , whence ; 6 = T C 0 = F \ T C. Finally, to prove that (iii) implies (i) assume that (iii) holds, and let F be a nonempty closed subset of X.
Suppose that F is not the closure of a singleton fxg. Then for each x 2 F we can nd a quasi-compact open U x such that x 6 2 U x and U x \ F 6 = ;. Since F \ T x2F U x = ;, by (iii) there are a nite number of points in F, say x 1 ; : : : ; x n such that F = (F \ (X n U x 1 )) : : : (F \ (X n U xn )), and F is a nite union of proper closed subsets. 2
Generalized spectral spaces were introduced by Stone in 1937 15] with the aim of extending to distributive lattices his celebrated theorem on the representation of Boolean algebras. To be precise, he considered topological spaces satisfying properties (S0), (S1) and (iii) in Lemma 1.1.
The next proposition establishes the connections between general spectral spaces and distributive lattices with smallest element in the way most relevant to the purposes of this paper.
For each topological space X, the set of open subsets of X is a distributive lattice under union and intersection, which we denote by O(X). The following result is an immediate consequence of the above proposition and Property (IL). Corollary 1.3 Let G be an`-group and X be a generalized spectral space.
Then X is homeomorphic to Spec(G) if and only if O(X) is isomorphic to
the lattice of`-ideals of G.
Given a subset A of a partially ordered set hX; i, the initial ( nal) section of A is the set A #:= fx 2 X j x a for some a 2 Ag (A ":= fx 2 X j a x for some a 2 Ag). A subset of X is called decreasing (increasing) provided it coincides with its initial ( nal) section.
A root system is a partially ordered set such that the nal section of each of its elements is totally ordered.
If X is now a generalized spectral space, then X is T 0 , so that the relation de ned by x y if and only if y belongs to the closure of the singleton fxg (x; y 2 X), is a partial order relation, called the specialization (partial) order.
Note that a generalized spectral space X is completely normal if and only if X, endowed with the specialization order, is a root system.
It is well known and easy to check that for each`-group G, the specialization order of Spec(G) coincides with the set theoretical inclusion of primè -ideals of G.
In what follows, we shall consider all generalized spectral spaces as being equipped with the specialization order. Then for each subset A of a generalized spectral space X, A# (A") will always mean the initial ( nal) section of A in the specialization order of X. Analogously, we shall say that A is decreasing (increasing) if it is decreasing (increasing) in the specialization order of X.
Note that the open subsets of a generalized spectral space are decreasing and the closed subsets are increasing.
Spectral spaces equipped with the patch topology and the specialization order are called Priestley spaces (see 6, 14] (IFC) Let X be a generalized spectral space. If A X is compact in the patch topology, then the initial and nal sections of A are both closed in the patch topology.
We shall consider generalized spectral spaces X satisfying the following property:
Property (Id) {which stands for \interior-decreasing"{ has a nice lattice theoretical interpretation. An op-Heyting algebra is a generalized op-Heyting algebra having a greatest element.
Observe that the order duals of these lattices are, respectively, the relatively pseudocomplemented lattices and the Heyting algebras (see 1 We are going to close this section with a class of examples of completely normal spectral spaces that will play an important role in the rest of the paper. Example 1.5 Let Z be an in nite set, and , be two distinct elements not belonging to Z. We shall denote by S(Z) the spectral space obtained by equipping the set Z f ; g with the topology having the following open sets:
(1) All subsets of Z, Since ((Z f ; g) n (Z f g)) #= f ; g, the space S(Z) does not satisfy property (Id).
The property (Id!)
In this section we are going to consider a weaker form of Property (Id), which we call Property (Id!).
We are going to use the following notation. For each element g of aǹ -group G, Since for all n 2 !, P 2 h and P 6 2ĝ n imply 0 g g _ nh = g n + nh 2 P, one has thatĝ \ h ĝ n , and since eachĝ n is a decreasing set, it follows that (ĝ \ h)# T n2!ĝn .
To prove the other inclusion, suppose that P 6 2 (ĝ \ h) #. We claim that g belongs to the`-ideal J generated in G by P and h. Indeed, if g 6 2 J, then there would be a prime`-ideal Q such that J Q and g 6 2 Q, and this would imply that P Q 2ĝ \ h, a contradiction. Since g 2 J, there are p 2 P + and n 0 2 ! such that 0 g p + n 0 h, and this implies that g n 0 = (g ? n 0 h) _ 0 p _ 0 = p 2 P. Therefore P 6 2ĝ n 0 It is easy to check that the completely normal spectral space S(Z) constructed in Example 1.5 satis es property (Id!) if and only if Z is a denumerable set. Hence when Z is nondenumerable, the space S(Z) is an example of a completely normal spectral space that is not homeomorphic to Spec(G) for any`-group G (cf. the example given by Delzell and Madden 7] ).
Priestley powers
Let hX; i be a root system and H be a totally ordered abelian group. Given a function f: X ! H, de ne its support as supp(f) = fx 2 X j f(x) 6 = 0g:
We shall need to consider also the following subsets involving the maximal elements of supp(f): Let X be a completely normal generalized spectral space, and let H be a totally ordered abelian group. The set of all continuous functions with quasi-compact support from X, endowed with the patch topology, to H, endowed with the discrete topology, is a group under pointwise addition, which we denote by Cont 0 (X; H). The set X equipped with the specialization order is a root system, and it follows from Lemma 3 (i) of 9] that for each The next example shows that in the absence of Property (Id), the lexicographic order can de ne a lattice structure on Cont 0 (I; H) that is not compatible with V(I; H). Given a generalized spectral space X, we denote by F(X) the lattice formed by the closed subsets of X, ordered by inclusion. Lemma 3.2 Let X be a completely normal generalized spectral space satisfying condition (Id), and H be a nontrivial archimedean totally ordered group. If G denotes the Priestley power Cont 0 (X; H), then the map Let S; T 2 F(X). It is plain that J(S) is a subgroup of G. Suppose that 0 f 2 J(S), and that 0 g 6 2 J(S). Then there is x 2 ms(g) \ S, and since S is increasing, x 6 y for each y 2 supp(f). Hence x 2 ms(f ? g), and f(x) ? g(x) = ?g(x) < 0, i.e., g 6 f. Since by (3) f 2 J(S) if and only if jfj 2 J(S), we have shown that J(S) is absolutely convex. It is obvious that S T implies that J(T) J(S). Hence we have proved that J is an order-reversing mapping of F(X) into I(G). Let I; J 2 I(G). It is plain that Z(I) is closed in X. Then to prove that Z(I) 2 F(X) it is su cient to show that Z(I) is increasing. Let s 2 Z(I) and suppose that there is t 2 X such that t > s and t 6 2 Z(I). Then there is g 2 I such that g 0 and t 2 supp(g). By hypothesis, s 6 2 supp(g) and, there is a natural number n such that for any x 2 ms(g), there is y x and nh(y) > g(x). It follows that nh g, and since nh 2 I, we have that g 2 I.
Finally, since each function in G is the di erence of two positive functions, we conclude that J(Z(I)) I. RS1 Each totally ordered subset of X has supremum and in mum in X. RS2 If x; y are elements of X such that x < y, then there are s; t in X such that x s < t y, and there is no element of X between s and t. It is well known that the set of prime`-ideals of an`-group, ordered by inclusion, is a spectral root system. Given a spectral root system (X; ), the set of elements of X having a successor will be denoted by X ? . Note that each x 2 X ? has exactly one successor. We call X the set X ? maxX, where maxX denotes the set of maximal elements of (X; ). It is not hard to see that X, endowed with the topology generated by the sets fyg #, for y 2 X , is a generalized spectral space that satis es the property (Id). Moreover, the specialization order induced by this topology coincides with the original order of X (and this topology is the nest one that one can de ne on X inducing this order Consider now the prime`-ideals of G.
For each x 2 ! f g, I x = fg 2 G j g(x) = 0g is a prime`-ideal of G (in fact, a maximal`-ideal). It is plain that the set A of all nite functions is an`-ideal of G. To see that it is prime, consider two orthogonal elements g and h. Since a non-nite element has a co nal support (in !), we conclude that at least one of those two elements belongs to A. Therefore A is a primè -ideal of G.
We are going to show now that there are no other prime`-ideals in G. Indeed, suppose (for the sake of a contradiction) that I is a prime`-ideal of G, such that I 6 = I x for all x 2 ! f g and I 6 = A. We have two possible cases:
Case 1: All the elements of I are nite, i.e., I A. In this case we obtain the contradiction I = A. For, suppose there exists a nite g such that g 6 2 I. Let n 0 be the greatest integer in supp(g) !,
and let h = ((x n ) n2! ; 1; 0), where x n = 0 if n n 0 and x n = 1 if n > n 0 . Then h is an element of G that does not belong to I and is orthogonal to g. Since neither g nor h belong to I we conclude that I is not prime. Therefore I = A.
Case 2: I contains an element g := f + pa + qb (for some f 2 A and p; q 2 Z Z) of in nite support{i.e., either p or q (or both) are nonzero. In fact, I contains such a g with p 6 = 0, since I 6 = I implies I 6 I . We may assume p > 0. Then the set N := fn 2 ! j g(n) 0g is nite. For each n 2 N, pick f n 2 I n such that f n (n) > 0 (using the fact that I 6 = I n implies I 6 I n ); and then pick m n 2 Z Z such that m n f(n) > jg(n)j. Then 0 < a < g _ W n2N m n f n 2 I. Since a is a strong order unit of G, this implies that I is not proper, i.e., I = G, a contradiction.
Hence the correspondence x 7 ! I x , for each x 2 ! f g, and 7 ! A is a one-to-one function from S onto Spec(G), and it is easy to check that it is a homeomorphism.
